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Abstract

Orbit selection is a necessary factor in nanosatellite formation mission design/meanwhile, to keep the formation, it is necessary to
consume fuel. Therefore, the best orbit design for nanosatellite formation flying should be one that requires the minimum fuel consump-
tion. The purpose of this paper is to analyse orbit selection with respect to the minimum fuel consumption, to provide a convenient way
to estimate the fuel consumption for keeping nanosatellite formation flying and to present a simplified method of formation control. The
formation structure is disturbed by J 2 gravitational perturbation and other perturbing accelerations such as atmospheric drag. First,
Gauss’ Variation Equations (GVE) are used to estimate the essential DV due to the J 2 perturbation and atmospheric drag. The essential
DV presents information on which orbit is good with respect to the minimum fuel consumption. Then, the linear equations which
account for J 2 gravitational perturbation of Schweighart–Sedwick are presented and used to estimate the fuel consumption to maintain
the formation structure. Finally, the relative dynamics motion is presented as well as a simplified motion control of formation structure
by using GVE.
� 2016 COSPAR. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Recently, technologies of nanosatellite formation flying
have been developing throughout. These technologies have
applications for space and atmospheric observation, data
communication or high-resolution geographic imaging
etc. For an example, the CanX-4 and CanX-5 nanosatellite
mission is a dual-nanosatellite formation flying demonstra-
tion mission of UTIAS/SFL (University of Toronto, Insti-
tute for Aerospace Studies/Space Flight Laboratory),
http://dx.doi.org/10.1016/j.asr.2016.01.004

0273-1177/� 2016 COSPAR. Published by Elsevier Ltd. All rights reserved.

1 Researcher of GISTDA Academy.
2 Professor of Space Dynamics Laboratory of Kyushu Institute of

Technology (KIT).
E-mail addresses: ammarin@gistda.or.th (A. Pimnoo), hiraki@mech.

kyutech.ac.jp (K. Hiraki)

Please cite this article in press as: Pimnoo, A., Hiraki, K. Relative dynamics
(2016), http://dx.doi.org/10.1016/j.asr.2016.01.004
Toronto, Canada. The overall mission objective is to
demonstrate that nanosatellite formation flying can be
accomplished with sub-metre tracking error accuracy for
low DV requirements. The formation flying manoeuvres
for this mission require the development of control algo-
rithms for autonomous formation maintenance and recon-
figuration in the presence of orbital perturbations (Orr
et al., 2007).

Nanosatellite formation flying mission design has sev-
eral steps. One of the most important is the orbit design.
The nanosatellites in a flying formation can be either in
the same orbit or in parallel orbits. Each nanosatellite
may be operated in the same orbit inclination and/or differ-
ent altitudes depending on design. Meanwhile, the amount
of fuel consumption for keeping the formation under the
existence of perturbations is also important because a
and motion control of nanosatellite formation flying. Adv. Space Res.
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Fig. 1. MS and SS coordinate system.
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nanosatellite has a limited size of propellant tank. Several
researchers have studied fuel consumption optimisation.
Masaki Nagaki and Shinichi Nakasuka, a team of Univer-
sity of Tokyo, investigated the question of how much fuel
is needed to keep a satellite formation stable (Nagai and
Nakasuka, 2008). They discussed the theory of nanosatel-
lite formation parameterization and the amount of fuel
necessary for keeping the formation structure. They pro-
vided a convenient way to find the minimum fuel consump-
tion for a nanosatellite formation flying. The paper focused
on J 2 perturbing force and established an essential DV
applied by using the Gauss’ equations. The Gauss’ equa-
tions were generally called that the Gauss’ Variation Equa-
tions (GVE). In another work, Drago Matko’s team
analysed an optimal fuel consumption including suitable
manoeuvres with respect to orbital requirements for a high
resolution remote sensing of satellite constellation (Matko
et al., 2011). They focused on studies of the relative motion
of two spacecrafts, creating a formation with no perturbing
acceleration. Several manoeuvres had been analysed and
simulated with respect to fuel consumption. The fuel
expenditure was the one of major constraints during a mis-
sion. Therefore, a linear mathematical model based on
Hill’s equations was developed to be an analytical form
where enabled to estimate the fuel consumption.

One of the aims of this paper is to analyse the best orbit
with respect to the minimum fuel consumption. Another is
to provide a convenient way to estimate the fuel consump-
tion required for a nanosatellite to keep the formation. The
Hill–Clohessy–Wiltshire (HCW) or Hill’s equations are
generally used to express the relative motion of the forma-
tion with zero thrusting input. In this work, the Hill’s equa-
tions with thrusting forces will be presented and compared
with the linear equations of Schweighart–Shewick. The
best orbit with respect to the minimum fuel consumption
will be analysed by using the GVE. The essential DV is
the integration of GVE. Our approach is more accurate
than the previous work because we drive additional GVE
Eqs. (5, compared to 3 equations in previous work). Our
framework is used to calculate the relative motion of two
nanosatellites in rotating (RSW) frame and inertial frame
(ECI). The minimum essential DV will be used to compute
the best orbit for the formation flying. This essential DV
includes the perturbing accelerations comprising J 2 gravi-
tational perturbation and atmospheric drag. The other per-
turbing accelerations such as solar radiation pressure or
third-body effect are disregarded because they have a very
small effect on LEO.

Our approach estimates the fuel consumption by
expanding the set of linearised differential equations of
Schweighart–Sedwick by using the Laplace technique.
Since estimating DV by GVE is not convenient, as we will
be described, therefore the estimating DV by linear equa-
tions is required. In addition, the relative motion will be
shown to be the main issue in formation flying. After that,
a simplified method of formation control is presented as
control law.
Please cite this article in press as: Pimnoo, A., Hiraki, K. Relative dynamics
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2. Nanosatellite formation flying coordinate system

In this section, the projected x–y–z (Radial, In-track,
Cross track) circular formation will be considered for the
best orbit with respect to the minimum fuel consumption.
Fig. 1 depicts the Hill frame which is used in the relative
motion analysis. For this type of formation, the orbits of
the Main Satellite (MS) and the Sub-Satellite (SS) are setup
in such a way that the relative motion is a projected circular
orbit on the x–y–z coordinate system.

The projected x–y–z of SS can be performed by different
displacements whether Radial, In-track or Cross track. The
orbit selection requires the minimum fuel consumption. In
the space environment, perturbing accelerations affect the
placement of SS in formation. This will be described in
the next section.
3. Orbit selection

3.1. In-plane and out-of-plane manoeuvres by GVE

The GVE describes the time evolution of the orbital ele-
ments in the presence of perturbations. These Gauss’ equa-
tions allow conservative perturbing acceleration such as J 2

gravitational force as well as non-conservative perturbing
acceleration such as atmospheric drag. Our proposed equa-
tions represent a set of six first order ODE’s and are used to
propagate the orbital elements of the reference orbit under
consideration. The 5 equations of them are given generally
by Battin (1987) expressed hereafter.

_a ¼ 2a2

h
e sin hf r þ

p
rref

f s

� �
ð1Þ

_e ¼ 1

h
p sin hf r þ p þ rref

� �
cos hþ rref e

� �
f s

� � ð2Þ

_i ¼ rref cos u
h

f w ð3Þ
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_X ¼ rref sin u
h sin i

f w ð4Þ

_x ¼ 1

he
�p cos hf r þ p þ rref

� �
sin hf s

� �
� rref sin u cos i

h sin i
f w ð5Þ

where a is semi-major axis, e is eccentricity, i is orbital incli-
nation, X is right ascension of ascending node, x is argu-
ment of perigee, h is true anomaly, p is semi-latus
rectum, h is angular momentum, rref is radius of reference
orbit and _a is derivative of semi-major axis, _e is derivative

of eccentricity, _i is derivative of orbital inclination, _X is
derivative of right ascension of ascending node, _x is deriva-
tive of argument of perigee. The f r; f s and f w terms in
Eqs. (1)–(5) represent the perturbing accelerations in the
r; s and w directions respectively. This RSW coordinate sys-
tem is equivalent to the Hill frame where the r direction is
the x direction aligned with the Radial vector, the w direc-
tion is denoted by the z direction aligned with the orbit nor-
mal, and the s direction is the y direction that completes the
right handed coordinate system. These perturbing acceler-
ation terms represent the effects of J 2 gravitational pertur-
bations and atmospheric drag.

The integration of these derivatives is called the absolute
motion. We can obtain the in-plane and out-of-plane
manoeuvres as follows:

di
dt

¼ f w

rref
h

cos u

sin i
dX
dt

¼ f w

rref
h

sin u
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dX sin ið Þ2 þ di2

q
¼ f wj j rref

h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2 uþ cos2 u

p
dt ¼ f wj j rref

h
dt

DV OP ¼ h
rref

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DX sin ið Þ2 þ Di2

q
ð6Þ

The integration of perturbing acceleration f w yields the
out-of-plane velocity (DV OP ). The variation of argument of
perigee in f w direction is quite small, and can be neglected.
The in-plane velocity can obtain as expressed below:
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ð7Þ
Therefore, DV in r direction is as follows:

DV R ¼ h
rref

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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The next is DV in s direction, expressed below:
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where r in Eq. (9) is rref , therefore the in-plane velocity can
be expressed as follows:

DV RS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DV 2

R þ DV 2
S

q
a ¼ tan�1 DV R

DV S

DV IP ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DV 2

RS þ DV 2
S � 2DV RSDV S cos a

q ð10Þ

Finally, the total DV is as follows:

DV Total ¼ DV IP þ DV OP ð11Þ
The in-plane and out-of-plane velocities will be used to

numerically simulate the fuel needed to maintain a
formation.

3.2. Numerical solutions of J 2 and drag effects

In this subsection, the simplified perturbing accelera-
tions due to J 2 and atmospheric drag effects are simulated
numerically with the in-plane and out-of-plane manoeuvres
expressed previously. The J 2 perturbation force expressed
in the RSW frame is given generally by Chobotv (1996).

F J2 ¼ � 3

2

lJ 2a2

r4ref

1� 3
2
sin2 i 1� cos 2uð Þ
sin2 i sin 2u

sin i cos i sin u

2
64

3
75 ð12Þ

The perturbing acceleration due to aerodynamic drag
effect is given by Vallado (2001). The satellite velocity, v
of a spacecraft relates to the rotating atmosphere which
can be simply expressed in the RSW frame as expressed
below:

V
�� �� ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l
a 1� e2ð Þ

r � sin h

eþ cos h

0

2
64

3
75

F D ¼ � 1

2
q
cDA
m

v2
V

V
�� ��

ð13Þ

Both perturbing accelerations are taken into account for
out-of-plane and in-plane manoeuvres in Eqs. (6) and (9)
respectively. The results of numerical solution of the abso-
lute motion in-plane velocities in Eq. (9) under J 2 gravita-
tional perturbation and atmospheric drag effect are shown
in figure below.
and motion control of nanosatellite formation flying. Adv. Space Res.

http://dx.doi.org/10.1016/j.asr.2016.01.004


Fig. 2. Absolute motion of a nanosatellite under J 2 perturbation and atmospheric drag effects in circular orbit (e � 1E�3) compares with inclinations.

Fig. 3. Absolute motion of a nanosatellite under J 2 perturbation and atmospheric drag effects in circular orbit (e � 1E�3) compares with phase in orbit
(0�–360�).
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The numerical solution results in Figs. 2–4 depict the
absolute motion of in-plane manoeuvres of a nanosatellite
under J 2 gravitational perturbation and atmospheric drag
effects, which is the motion of a nanosatellite that is
50 kg mass, 0.25 m2 cross-sectional area, 2.0 drag coeffi-
cient, a = 6678.136 km, e = 0.001. Notice that, the mini-
mum DV IP is at inclination of 35� and 145� and at North
and South Pole in phase of 90� and 270� respectively.

The minimum DV OP is at inclination of 0� and 90�, and
is at phase of 0� and 180� as spherically symmetric. The
Please cite this article in press as: Pimnoo, A., Hiraki, K. Relative dynamics
(2016), http://dx.doi.org/10.1016/j.asr.2016.01.004
result is the fact in nature of J 2 gravitational perturbation,
since the exampled altitude (300 km) is high enough to
escape the effect of atmospheric drag.

3.3. Essential DV and conclusions of orbit selection

The essential DV is the relative motion of two satellites
in RSW frame. The subtraction of the absolute motions
of two satellites is the essential DV which is the effort to
change velocity under J 2 gravitational perturbation and
and motion control of nanosatellite formation flying. Adv. Space Res.
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Fig. 4. Absolute motion of a nanosatellite under J 2 perturbation and atmospheric drag effects in circular orbit (e� 1E�3) in 3 dimensions.
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atmospheric drag effects. The minimum essential DV is
solved numerically and used to consider the orbit selection.
The conclusions are summarised below.

Radial displacement:With their difference of altitude, the
problem with this formation is to keep both nanosatellites
in a constant displacement. Constant propulsion is
required that may be not practical, especially for a
resource-limited nanosatellite mission. With the same orbi-
tal size, hence orbital period, there is no secular drift in the
In-track direction. Therefore, the fuel consumption is
minimal.

In-track displacement: Within a few hundred metres, the
problem is to keep both nanosatellites in a constant dis-
placement with required propulsion as shown later. Under
J 2 gravitational perturbation, two nanosatellites that are
180� apart will experience the same magnitude of per-
turbing acceleration as spherically symmetric. The differ-
ence in provoking velocity between them is very small.
Therefore, the fuel consumption is minimal.

Cross track displacement: Within a few hundred metres,
the problem is to keep both nanosatellites in a constant dis-
placement with required propulsion as shown later. The
previous results show that the polar orbit is minimal. This
is because the Earth’s oblateness with axis symmetry will
not perturb the motion of the nanosatellites.
4. Equations of motion of nanosatellite formation flying

4.1. Linearised differential equations with thrusting forces

The nonlinear HCW or Hill’s equations are generally
used to describe the relative motion of the satellite forma-
tion flying in circular orbit (Clohessy and Wiltshire, 1960).
Please cite this article in press as: Pimnoo, A., Hiraki, K. Relative dynamics
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€x� 2n _y � n2x ¼ f x

€y þ 2n _x ¼ f y

€z� n2z ¼ f z

ð14Þ
For impulsive thrusting forces f x; f y and f z, these non-

linear equations can be solved by the Laplace technique,
then we obtain:

xðtÞ¼ xð0Þþ2n _yð0Þþ3n2xð0Þþ f x

n2

þ2t
n
f y þ

_xð0Þ
n

� 2

n2
f y

	 

sinðntÞ

�2n _yð0Þþ3n2xð0Þþ f x

n2
cosðntÞ

yðtÞ¼ yð0Þ�2n _xð0Þ�4f y

n2
þ _yð0Þt�4n _yð0Þþ6n2xð0Þþ2f x

n
t

�3t2

2
f y þ

4n _yð0Þþ6n2xð0Þþ2f x

n2
sinðntÞ

þ2n _xð0Þ�4f y

n2
cosðntÞ

zðtÞ¼ 1

n2
f zþ

_zð0Þ
n

sinðntÞþ zð0Þ� 1

n2
f z

	 

cosðntÞ

ð15Þ
Eq. (14) is the relative position of two satellites in circu-
lar orbit. The secular motion can be considered in terms of
the relative velocity which is the derivative of relative posi-
tion as expressed below:
and motion control of nanosatellite formation flying. Adv. Space Res.
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_x0ðtÞ¼� 2

x
f y þ

2x _y0þ3x2x0þ f x

x

	 

sinxt

þ x _x0þ2f y

x

	 

cosxt

_y0ðtÞ¼� 3x _y0þ6x2x0þ2f x

x

	 

þ5tfy

� 2x _x0þ4f y

x

	 

sinxtþ 4x _y0þ6x2x0þ2f x

x

	 

cosxt

_z0ðtÞ¼ f x�x2z0
x

	 

sinxtþ _z0 cosxt

ð16Þ
To specify that we want no drift and no offset in any

direction over time, we use equations as follows:

_x ¼ n
2
y0 þ

2

n
f y ð17Þ

_y ¼ �2nx0 � 2

3n
f x ð18Þ
4.2. Linearised differential equations with J 2 perturbation

The effect of the second geopotential harmonic, J 2 has
already been taken into accounts of the ordinary differen-
tial equations of relative dynamics motion (Schweighart
and Sedwick, 2002). The equations represent the ordinary
differential equations, similar to the HCW equations, but
include J 2 gravitational perturbation. The ordinary differ-
ential equations are given as follows:

€x� 2ðncÞ _y � ð5c2 � 2Þn2x ¼ 0

€y þ 2ðncÞ _x ¼ 0

€zþ q2z ¼ 2lq cosðqt þ /Þ
ð19Þ

The initial conditions are very important to simulate
realistic relative motion of nanosatellite formation flying
and to estimate the impulsive velocity. The linearised differ-
ential equations using Laplace operators are shown below
(Pimnoo and Hiraki, 2015):

xðtÞ ¼ xð0Þ þ 2c _yð0Þ þ ð5c2 � 2Þnxð0Þ
nc22

þ _xð0Þ
nc2

	 

sinðnc2tÞ

� 2ðncÞ _yð0Þ þ ð5c2 � 2Þn2xð0Þ þ f x

n2c22
cosðnc2tÞ

yðtÞ ¼ yð0Þ � 2c _xð0Þ
nc22

þ _yð0Þt � 4c2 _yð0Þ þ 2cð5c2 � 2Þnxð0Þ
c22

t

þ 4c2 _yð0Þ þ 2cð5c2 � 2Þnxð0Þ
nc32

sinðnc2tÞ

þ 2c _xð0Þ
nc22

cosðnc2tÞ

zðtÞ ¼ _zð0Þ
q

sinðqtÞ þ zð0Þ cosðqtÞ

� l
q
1� qt cosð/Þ þ cotðqtÞð Þ½ � sinðqtÞ sinð/Þ ð20Þ
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where c2 ¼
ffiffiffiffiffiffiffiffiffiffiffi
1� s

p
and other parameters can be found in

the paper of Schweighart and Sedwick (Schweighart and
Sedwick, 2002). Eq. (19) is the relative position of two
satellites in circular orbit under J 2 perturbation. As dis-
cussed in the previous section, we can neglect the effects
of atmospheric perturbation due to the high altitude. Aa
a nest step, the secular motion can be considered in terms
of the relative velocity which we can find it in the derivative
of relative position as follows (Pimnoo and Hiraki, 2015):

_xðtÞ¼ 2c _yð0Þþð5c2�2Þnxð0Þ
c2

sinðnc2tÞþ _xð0Þcosðnc2tÞ

_yðtÞ¼ _yð0Þ�4c2 _yð0Þþ2cð5c2�2Þnxð0Þ
c22

�2c _xð0Þ
c2

sinðnc2tÞ

þ4c2 _yð0Þþ2cð5c2�2Þnxð0Þ
c22

cosðnc2tÞ

_zðtÞ¼�qzð0ÞsinðqtÞþ _zð0ÞcosðqtÞ
þ l
q

q2tcosðqtÞþqsinðqtÞ� �
cosð/Þ�q2t sinðqtÞsinð/Þ� �

ð21Þ
In this case, the initial conditions, _xð0Þ and _yð0Þ that

specify no secular drift and no offset in any direction over
time are shown as follows (Pimnoo and Hiraki, 2015):

_xð0Þ ¼ nc22
2c

yð0Þ ð22Þ

_yð0Þ ¼ �2n
5c3 � 2c
4c2 � c22

xð0Þ ð23Þ
5. Simulation results

In this section, we present analytical simulation results
based on the HCW equations in Section 4. For these sim-
ulation results, linear equations of HCW with no force
and linear equations of Schweighart–Sedwick capturing
J 2 effect will be compared. The additional non-linear drag
term is not used because as Section 3 has already described
at altitudes of 300 km or higher, the nanosatellites are only
slightly affected by atmospheric drag effect. Nanosatellite
formation flying missions seldom operate at low altitudes,
therefore the relative motion capturing only J 2 effect is
enough to predict the relative motion of nanosatellites in
formation flying.

The simulation assumes a 100 m radius (rs) of a
nanosatellite formation structure, two identical nanosatel-
lites with 50 kg mass, 0.25 m2 cross-sectional area and 2.0
drag coefficient. The initial conditions, xð0Þ ¼ rs=2,
y(0) = 0, zð0Þ ¼ rs and _z ¼ 0 are used to simulate at
a = 6678.136 km, e = 0.001, i = 35� and X = 0�. The simu-
lation results of two linearised differential equations
between no force and with J 2 force are shown in Fig. 5:

Figs. 5–8 show the simulation results of relative motions
in an orbit of formation flight. In these figures, the two sets
of linear equations have already been set no secular drift
and motion control of nanosatellite formation flying. Adv. Space Res.
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Fig. 5. Relative motion in x and y direction simulated in 1 orbit.

Fig. 6. Relative motion in x and z direction simulated in 1 orbit.
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and offset. The results of the comparison between HCW
equations with no force and Schweighart–Sedwick with
J 2 perturbing force almost are identical in a simulated
orbit, but slightly different as shown in Fig. 9.

The next simulation examines behaviour when time var-
ies over two days. The initial conditions are set as same.
The numerical simulation results are shown in Figs. 9–12.

When time varies, the relative motion of the Hill’s equa-
tions with no force is a circular reference orbit, undisturbed
Please cite this article in press as: Pimnoo, A., Hiraki, K. Relative dynamics
(2016), http://dx.doi.org/10.1016/j.asr.2016.01.004
by any forces. In contrast, the relative motion of linear
equations with J 2 force drifts dramatically. Notice that,
in the Radial and In-track dimensions drift does not occur,
but the Cross track shows an oscillatory motion. Fig. 13
shows the drift during the simulated 2 day period.

This oscillatory motion in Cross track displacement is
likely due to the second geopotential harmonic, J 2 effect
when this relative motion is initialized. Thus, further study
is necessary to understand how to estimate the fuel
and motion control of nanosatellite formation flying. Adv. Space Res.
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Fig. 7. Relative motion in y and z direction simulated in 1 orbit.

Fig. 8. Relative motion in x; y and z direction simulated in 1 orbit.
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consumption and how to control the Cross track dynamics
motion. The next section will show the estimation of fuel
consumption for correction of drifting displacement in rel-
ative motion.
6. Estimation of fuel consumption

It is very important to find the impulsive velocity neces-
sary for formation keeping or maintenance. In this section,
the requirements for estimating impulsive velocity will be
presented. This technique has two stages of estimating
impulsive velocity for the distributed nanosatellite or SS.
Please cite this article in press as: Pimnoo, A., Hiraki, K. Relative dynamics
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First, we must find an impulsive manoeuvre that nullifies
the drifting displacement. This process is referred to target-
ing or guidance. Second, once the drifting displacement has
been nullified, and then we have to determine the addi-
tional impulsive manoeuvre required to cancel the initial
velocity and complete the correction of drifting displace-
ment (see Fig. 14).
6.1. Correction of In-track displacement

With this scenario, the correction is to correct the con-
stant drifting displacement, Y in In-track. The required
and motion control of nanosatellite formation flying. Adv. Space Res.
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Fig. 9. Drift in 1 orbit simulation.

Fig. 10. Relative motion in x and y direction in simulated 2 day period.
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initial conditions for this scenario are as follows: SS start-
ing point is x0ð0Þ ¼ 0; y 0ð0Þ ¼ 0 and z0ð0Þ ¼ 0. The final
point is x0ðtf Þ ¼ 0; y0ðtf Þ ¼ Y and z0ðtf Þ ¼ 0. The x0–y0–z0

coordinate system belongs to SS, not MS, but still consid-
ered in Hill frame.

Due to the fact that x and y motions coupled, the z

motion is independent. With the manoeuvring duration
Please cite this article in press as: Pimnoo, A., Hiraki, K. Relative dynamics
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must equal a multiple of the period. It is necessary to nul-
lify the cosine function of Eq. (19). The manoeuvring dura-
tion is defined as follows:

tf ¼ t0 þ N
2p
nc2

; N ¼ 1; 2; 3; . . . ð24Þ

Substitute into Eq. (19), they become:
and motion control of nanosatellite formation flying. Adv. Space Res.
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Fig. 11. Relative motion in x and z direction in simulated 2 day period.

Fig. 12. Relative motion in y and z direction in simulated 2 day period.
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xðtf Þ ¼ 2ðncÞ _yð0Þ
n2c22

� 2ðncÞ _yð0Þ
n2c22

¼ 0

yðtf Þ ¼ N
2p
nc2

_yð0Þ � 4ðncÞ2 _yð0Þ
n2c22

N
2p
nc2

¼ Y

Therefore, the impulsive velocity at initial point is given as
follows:
Please cite this article in press as: Pimnoo, A., Hiraki, K. Relative dynamics
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_xð0Þ ¼ 0

_yð0Þ ¼ � n
2pN

c32
3c2

	 

Y ¼ � 1� sð Þ32

1þ s

 !
Y

3TN

ð25Þ

When the transition has finished, we take the initial
impulsive velocity into the x and y directions in Eq. (20)
by the time in Eq. (23), then the final stage is given as
follows:
and motion control of nanosatellite formation flying. Adv. Space Res.
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Fig. 13. Relative motion in x; y and z direction in simulated 2 day period.

Fig. 14. Drift in simulated 2 day period.
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_xðtf Þ ¼ 0

_yðtf Þ ¼ _yð0Þ � 4ðncÞ2
n2c22

_yð0Þ þ 4ðncÞ2
n2c22

_yð0Þ ¼ _yð0Þ
ð26Þ

The initial velocity in x direction does not change, and
initial velocity in y direction is still as the same when tran-
sition finishes but in opposite direction. The total fuel con-
sumption (TFC) of impulsive velocity used to correct the
drifting displacement in In-track is shown as follows:
Please cite this article in press as: Pimnoo, A., Hiraki, K. Relative dynamics
(2016), http://dx.doi.org/10.1016/j.asr.2016.01.004
TFC ¼ 2
1� sð Þ32
1þ s

 !
Y

3TN

�����
����� ð27Þ
6.2. Correction of Radial displacement

This correction will be divided to two parts. One is to
correct the drifting displacement, X by velocity in x
and motion control of nanosatellite formation flying. Adv. Space Res.
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direction, and another is to correct the drifting displace-
ment, X by velocity in y direction.
6.2.1. Correction in Radial by x direction
This correction is to correct the constant drifting dis-

placement in Radial, X. The initial conditions of starting
point are x0ð0Þ ¼ 0; y0ð0Þ ¼ 0 and z0ð0Þ ¼ 0. The final point
is x0ðtf Þ ¼ X ; y 0ðtf Þ ¼ 0 and z0ðtf Þ ¼ 0.

Thus, Eq. (19) at final point is:

xðtf Þ¼ 2ðncÞ _yð0Þ
n2c22

þ _xð0Þ
nc2

	 

sin nc2 tf � t0

� �� �

�2ðncÞ _yð0Þ
n2c22

cos nc2 tf � t0
� �� �

yðtf Þ¼�2c _xð0Þ
nc22

þ _yð0Þ tf � t0
� ��4ðncÞ2 _yð0Þ

n2c22
tf � t0
� �

þ4ðncÞ2 _yð0Þ
n3c32

sin nc2 tf � t0
� �� �þ2c _xð0Þ

nc22
cos nc2 tf � t0

� �� �
ð28Þ

In this case, the manoeuvring duration should be:

tf ¼ t0 þ N
p

2nc2
; N ¼ 1; 3; 5; . . . ð29Þ

Then, Eq. (27) becomes:

xðtf Þ ¼ 2ðncÞ _yð0Þ
n2c22

þ _xð0Þ
nc2

¼ X ð30Þ

yðtf Þ ¼ � 2c _xð0Þ
nc22

þ N
p

2nc2
_yð0Þ � 4ðncÞ2

n2c22
N

p
2nc2

_yð0Þ

þ 4ðncÞ2
n3c32

_yð0Þ ¼ 0 ð31Þ

Then, Eq. (29) is obtained:

_xð0Þ ¼ nc2X � 2c
c2

_yð0Þ ð32Þ

When we substitute into Eq. (30), we will get the initial
impulsive velocity in y direction as follows:

_y1ð0Þ ¼ 2
ffiffiffiffiffiffiffiffiffiffiffi
1þ s

p
X

8ð1þsÞ
nð1�sÞ � 5sþ3

1�s

� �
N
T

h i ð33Þ

Substituting Eq. (32) into Eq. (31), we get the initial
impulsive velocity in x direction as follows:

_x1ð0Þ ¼ 1� 1þ s
2ð1þ sÞ � ð5sþ 3Þ nN

4T

� �
 !

n
ffiffiffiffiffiffiffiffiffiffiffi
1� s

p
X ð34Þ

This equation illustrates that, the impulsive velocity in
the x direction affects displacement in the y direction. Eq.
(31) shows the compensation of impulsive velocity by y

direction. Take the Eqs. (32) and (33) into Eq. (20) when
the transition finished, then obtain:
Please cite this article in press as: Pimnoo, A., Hiraki, K. Relative dynamics
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_xðtf Þ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffi
1þ s
1� s

r
_y1ð0Þ ð35Þ

_yðtf Þ ¼ � 5sþ 3

1� s

	 

_y1ð0Þ � 2

ffiffiffiffiffiffiffiffiffiffiffi
1þ s
1� s

r
_x1ð0Þ ð36Þ

Eq. (34) nullifies the impulsive velocity in x direction.
The total fuel consumption is expressed below:

TFC ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_x1ð0Þ2 þ _y1ð0Þ2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_xðtf Þ2 þ _yðtf Þ2

q
ð37Þ
6.2.2. Correction in Radial by y direction

The initial conditions are set as same. The manoeuvring
duration should be selected as follows:

tf ¼ t0 þ N
p
nc2

; N ¼ 1; 3; 5; . . . ð38Þ

When N = 1, the Eq. (19) will become:

xðtf Þ ¼ 4c
nc22

_yð0Þ ¼ X ð39Þ

yðtf Þ ¼ � 4c
nc22

_xð0Þ þ 1� 4
c2

c22

	 

p
nc2

_yð0Þ ¼ 0 ð40Þ

Eqs. (38) and (39) are solved, then we obtain:

_y1ð0Þ ¼ 1� sffiffiffiffiffiffiffiffiffiffiffi
1þ s

p n
4
X ð41Þ

_x1ð0Þ ¼ � 5sþ 3ð Þ
ffiffiffiffiffiffiffiffiffiffiffi
1� s

p

1þ s
np
16

X ð42Þ

Eq. (39) shows the compensation in y direction. When
the transition has finished, the relative velocities in the x

and y directions in Eq. (20) become as follows:

_xðtf Þ ¼ � _x1ð0Þ ð43Þ

_yðtf Þ ¼ 1� c2

c22
8

	 

_y1ð0Þ ð44Þ

Eq. (42) nullifies the initial impulsive velocity in the x

direction. The total fuel consumption is expressed below:

TFC ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_x1ð0Þ2 þ _y1ð0Þ2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_xðtf Þ2 þ _yðtf Þ2

q
ð45Þ
6.3. In-plane manoeuvre

This manoeuvre is intended to combine the correction in
Radial and In-track, because when we finished the correc-
tion in Radial or In-track directions, we may lose displace-
ment of the other. For example, after correcting
displacement in the Radial direction, we may lose the dis-
placement in the In-track direction. It is necessary to calcu-
late and apply corrections for both dimensions at once.

The required initial conditions for this scenario: SS
starting point is at x0ð0Þ ¼ 0, y0ð0Þ ¼ 0 and z0ð0Þ ¼ 0.
And, the final point is at x0ðtf Þ ¼ X ; y 0ðtf Þ ¼ Y and
z0ðtf Þ ¼ 0.
and motion control of nanosatellite formation flying. Adv. Space Res.
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The manoeuvring duration is selected as follows:

tf ¼ t0 þ N
p
nc2

; N ¼ 1; 3; 5; . . . ð46Þ
Substitute the manoeuvring duration timing into the Eqs.
(19) and (20), we can get the initial and final stages of
impulsive velocity as follows:

_yð0Þ ¼ � nc22
4c

X � n
2c

5sþ 3ð ÞX ð47Þ
Fig. 15. In-plane

Fig. 16. Out-of-pla
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_xð0Þ ¼ nc22
4c

Y � npN
2c2

5sþ 3ð ÞX pN
4cc2

5sþ 3ð Þ _yð0Þ ð48Þ

_xðtf Þ ¼ � _xð0Þ ð49Þ

_yðtf Þ ¼ � 4nc 5sþ 3ð Þ
1� s

X � 9sþ 7

1� s
_yð0Þ ð50Þ

The total fuel consumption can be calculated by the
total DV required as shown below:

TFC ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_xð0Þ2 þ _yð0Þ2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_xðtf Þ2 þ _yðtf Þ2

q
ð51Þ
manoeuvre.

ne manoeuvre.

and motion control of nanosatellite formation flying. Adv. Space Res.
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6.4. Out-of-plane manoeuvre

This manoeuvre is individual, decoupled from the
Radial and In-track directions. With this scenario, the cor-
rection is for the constant Cross track displacement Z. The
required initial conditions for this scenario: SS starting
point is at x0ð0Þ ¼ 0, y0ð0Þ ¼ 0 and z0ð0Þ ¼ 0. And, the final
Fig. 17. Relative motion in x and y

Fig. 18. Relative motion in x and z

Please cite this article in press as: Pimnoo, A., Hiraki, K. Relative dynamics
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point is at x0ðtf Þ ¼ 0, y0ðtf Þ ¼ 0 and z0ðtf Þ ¼ Z. Therefore,
Eq. (19) becomes:

zðtf Þ ¼ _zð0Þ
q

sin q tf � t0
� �� �þ zð0Þ cos q tf � t0

� �� �
� l
q

1� q tf � t0
� �

cosð/Þ þ cot q tf � t0
� �� �� �� �

� sin q tf � t0
� �� �

sinð/Þ ð52Þ
direction simulated over 50 days.

direction simulated over 50 days.
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The manoeuvring duration is selected as follows:

tf ¼ t0 þ N
p
2q

; N ¼ 1; 3; 5; . . . ð53Þ
Then, Eq. (45) becomes:

zðtf Þ ¼ _zð0Þ
q

� l
q

1� N
p
2
cosð/Þ

h i
sinð/Þ ð54Þ
Fig. 19. Relative motion in y and z d

Fig. 20. Relative motion in x; y and z

Please cite this article in press as: Pimnoo, A., Hiraki, K. Relative dynamics
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The second term is quite small, so it can be neglected.
Then initial stage of impulsive velocity in Cross track is
given as follows:

_zð0Þ ¼ qZ ð55Þ
Substitute the manoeuvring duration timing into

Eq. (20) in Cross track direction, then the final stage of
impulsive velocity is given as follows:

_zðtf Þ ¼ �_zð0Þ ð56Þ
irection simulated over 50 days.

direction simulated over 50 days.

and motion control of nanosatellite formation flying. Adv. Space Res.
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Therefore, the total fuel consumption of Cross track
correction is expressed below:

TFC ¼ q2Z
�� �� ð57Þ

In summary,this section has presented the estimation of
fuel consumption as a function of total DV required based
on the linearised differential equations under J 2 gravita-
tional perturbation.
Fig. 22. Motion in x-rotation.
7. Practicals

Two nanosatellites, MS and SS are released from a
rocket, which is in a circular orbit at 660 km altitude and
98.2� inclination. The relative velocity of the ejection is
0.01 m/s down, 0.04 m/s backwards and 0.02 m/s to the
right. After 20 mins passed, the ground station can receive
the data of relative position and velocity are then: x(0)
= �62.5 m, y(0) = �13.9 m, z(0) = �17.6 m, _x(0)
= �0.08 m/s, _y(0) = �0.09 m/s and _z(0) = �0.01 m/s.
After that, we move the two satellites into flying formation
by controlling the initial speed of SS: _x(0) = �0.0744 m/s
and _y(0) = 0.1336 m/s.

After 135.48 mins, we check the relative motion again:
x(0) = 0.19 m, y(0) = 186.88 m, z(0) = 6.72 m, _x(0)
= 0.1 m/s, _y(0) = �0.0004 m/s and _z(0) = 0.02 m/s. We
execute the in-plane manoeuvre to expand the small radius
of formation to 1 km by adding initial impulsive velocity:
_x(0) = 0.4121 m/s and _y(0) = 1.87 m/s. After one orbit,
Please cite this article in press as: Pimnoo, A., Hiraki, K. Relative dynamics
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we need to cancel the initial velocity by _xðtf Þ =
�1.339 m/s and _yðtf Þ = �1.912 m/s. In this case, we need
to compensate by an additional _xðtcÞ = �9.744 m/s and
_yðtcÞ = �1.639 m/s. This allows us to achieve the target
1 km radius as shown in Fig. 15.

The next step is the out-of-plane manoeuvre. The out-
of-plane manoeuvre is intended to correct the amplitudes
of displacement in Cross track direction. This out-of-
plane manoeuvre will increase the displacement in Cross
track to 1 km.
and motion control of nanosatellite formation flying. Adv. Space Res.
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Fig. 23. Motion in y-rotation.

Fig. 24. Motion in z-rotation.
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The initial conditions are the final position and velocity
of the previous correction which are x(0) = �999.30 m,
y(0) = 988.9 m, z(0) = 4.4 m, _x(0) = �18.6 m/s, _y(0) =
�4.0 m/s and _z(0) = �0.02 m/s. Fig. 16 shows the correc-
tion in Cross track from 4.4 m to 1000 m. In this case,
we apply the impulsive velocity of 1.1 m/s to increase the
amplitudes of displacement by 1 km.

These practicals show only two impulsive velocities in
each correction. However, we can do more manoeuvres
to reduce the amount of impulsive velocity per time,
because some engine may not be able to execute a large
impulsive manoeuvre.

The next section illustrates the periodic motion of
nanosatellite formation flying which dramatically demon-
strates the true problem of formation flying and what are
the essential aspects of formation control.

8. Essential aspects of formation control

The estimation of fuel consumption in previous section
requires that we know the drifting displacement, X ; Y
and Z in order to inform the propulsion system. This sec-
tion illustrates the issue of motion in formation flying
and shows the essential formation control method.

8.1. Long term drift

As shown in Figs. 10–13, the drift increases over time.
We can explicitly correct the amplitudes of displacement
as described in previous section. However if we know the
essential factors influencing formation, we can design an
autonomous control system for maintaining the formation
automatically, and therefore the fuel.

As can be seen in Figs. 17–20, with same initial condi-
tions as in Fig. 10–13, the drift displacement occurs cylin-
drically over 702 orbits (about 50 days). The drifting
displacement in each direction appears to be periodic.

The reference orbit (black circle) does not change, but
the drifting orbit changes dramatically in Cross track
motion. The drifting displacement in Cross track is the
dominant force affecting nanosatellite formation structure.

Fig. 21 shows the difference of displacement between the
reference and drifting orbits in dx; dy and dz. At 300 km
altitude within 702 orbits or 50 days, the Cross track drift-
ing is repetitive, due to the conventional J 2 Force. The
cylindrical shape in Fig. 20 can be used to predict that
Radial and In-track displacements should also be periodic.

Since, the drift occuring in Cross track changes the for-
mation, the formation structure needs to be controlled by
using the out-of-plane manoeuvre as described in Section 3.

8.2. Motion control

The estimation of fuel consumption provided in
Section 6 can be used to find the amount of fuel needed
to keep the satellites flying in the desired formation. In this
section, we present the essential issue of motion in
Please cite this article in press as: Pimnoo, A., Hiraki, K. Relative dynamics
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nanosatellite formation flying and introduce a method of
formation control. This section does not show the full con-
trol system but presents the core concepts regarding how to
control the formation.

The principle of movement of the drifting orbit has three
motions which are the rotation in x–y–z directions.

8.2.1. Rotational drift motion

The rotation in each direction produces the amplitudes
of displacement. Figs. 22–24 show the rotational drift
motions in each direction and describe the important
parameters for formation control.

The cylindrical shape of drift in Fig. 20 is produced by
the three rotations of drift motion as shown in Figs. 22–
24. These rotations are in Cross track motion and this is
the reason why we cannot see any drift in Fig. 10 or 17.
and motion control of nanosatellite formation flying. Adv. Space Res.
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8.2.2. Essential formation control

As mentioned earlier, Cross track motion is responsible
for changes in the formation structure. The out-of-plane
manoeuvre in Section 3 is applied to maintain the forma-
tion structure. The DX and Di in the equation of out-of-
plane manoeuvre have to be applied for the control law
of formation maintenance as follows:

DX ¼ dz ð58Þ
Di ¼ dz cosw ð59Þ

w ¼ tan�1 dy
dx

	 

ð60Þ

where dx; dy and dz are amplitudes of displacement drift-
ing in Radial, In-track and Cross track respectively. There-
fore, the correction of displacement in Radial, In-track or
in-plane manoeuvre can be used to deform or change the
formation if necessary.
9. Conclusions

9.1. Summary of approach

This paper has presented techniques for orbit selection
in a circular orbit under J 2 perturbation and atmospheric
drag. The absolute motion by GVE comprising in-plane
and out-of-plane manoeuvres is used to determine the best
orbit inclination with respect to the minimum fuel con-
sumption. Our conclusions are as follows:

� At altitudes higher than 300 km (based on cross-
sectional area of 0.25 m2, 50 kg mass and drag coeffi-
cient of 2.0), nanosatellite formation flying is minimally
affected by atmospheric drag.

� The best orbit inclination with respect to the minimum
fuel consumption is 35� and 145� which are symmetrical.

� When MS and SS have the same orbital period, we can
get the minimum fuel consumption via parallel flying.

� At 180� angular distance in along track and at 90� angu-
lar distance in Cross track, we can get the minimum fuel
consumption.

In reality, nanosatellite formation missions are often
designed with small radius of formation structure,
Please cite this article in press as: Pimnoo, A., Hiraki, K. Relative dynamics
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therefore linear equations need to be used for estimating
fuel consumption.

We solved the set of linear equations of Schweighart–
Sedwick by the Laplace technique and used them to esti-
mate the fuel consumption as presented in Section 6.

The most serious influences disturbing the formation are
the three rotational drift in Cross track. We calculate the
necessary out-of-plane manoeuvre to maintain the forma-
tion as a control law for formation flying.

9.2. Future work

In future work, we plan to design an optimised control
system for correction of formation structure based on the
control law presented in this paper. The current work pre-
sents the relative dynamics motion and secular drift in
Cross track as well as the estimation of required fuel expen-
diture and simplified control law by using out-of-plane
manoeuvre. The next step will involve creating a more
complex control system including continuous optimisation.
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